We investigate the nonlinear dynamics of two coupled annular Bose-Einstein condensates (BECs).
One of the most famous paradigms of quantum physics is the existence of Josephson oscillations. They were first predicted for superconductors separated by an insulating layer [1] . Later they have been observed in superfluid 3 He [2] and gaseous BECs [3, 4] . Next to the oscillations of charge and/or particles between two modes these systems can exhibit highly nonlinear dynamics with sometimes surprising behavior. In this letter we study onedimensional (1D) BECs confined in two ring-shaped traps which are sufficiently close to each other to allow tunneling through the barrier between them. We demonstrate that the In the mean-field description the evolution of a dilute gas of identical interacting Bosons under the influence of the trapping potential V (r) is governed by the Gross-Pitaevskii equation (GPE), which in cylindrical coordinates reads
where M is the atomic mass, g the nonlinear coupling constant, Ψ = Ψ(r) the bosonic mean field and L z = − 2 ∂ 2 φ the z-component of the angular momentum operator. The system consist of two BECs in parallel ring-shaped traps encircling the z-axis. The positions of the upper and lower ring are ±z 0 , respectively. Correspondingly, the trapping potential takes the form V (r) = V ρ (ρ − ρ 0 ) + V z (z, z 0 ). The first term provides harmonic radial confinement centered at ρ = ρ 0 , and V z (z, z 0 ) creates a symmetric double well potential with its minima at z = ±z 0 . Both BECs reside in the radial ground state Ψ ρ (ρ) of V ρ (ρ − ρ 0 ). Vertically they occupy the harmonic ground states Φ(z ± z 0 ) which are localized in the upper and the lower well of V z (z, z 0 ), respectively. The total wave function of the system can then be
where the indices u and d refer to the upper and lower ring. After inserting Ψ(r) into the GPE we obtain the two coupled
Here we have introduced the scaled time τ = 2M R 2 t, the coupling κ = [15] . We assume that the external confinement allows an effective 1D treatment of the BECs. The atom-atom interaction can then be described by the 1D coupling constant
Here a is the threedimensional s-wave scattering length and a ρ the harmonic oscillator length of the radial ground state. Equations, similar to eq.(2) arise in the context of two coupled elongated condensates [7] . Ring traps additionally allow the existence of stationary currents.
In the angular momentum mode representation the azimuthal wave function of the individual BECs can be written according to 
with
. We now seek a stationary solution of this system for which in both of the annuli solely the m = 0 mode is occupied. This exists only for equal number of particles, i.e.
We then find the two solutions
with some arbitrary phase θ and ε = γN 0 2π
being the nonlinear energy due to the interatomic interaction. Hence the total two-dimensional wave function becomes either a symmetric or an anti-symmetric superposition of the axial ground states of the two annuli:
with µ ± = ε ± κ being the chemical potential.
In order to investigate the stability of these states with respect to fluctuations in modes with m = 0 we make the ansatz α
Inserting this together with eq. (4) into the eq.(3) yields after linearization in the u m and v m the eigenvalue equation
We then find the excitation spectrum consisting of the two branches the spectrum ω − as a function of the coupling κ. The blue/solid curves represent the real part and the red/dashed curves the imaginary part of ω − . First, let us consider relatively low energies (ε < 2) ( fig. 1a) . Starting from κ = 0, we notice that ω − is positive and real, and that it decreases monotonously to ω − = 0 at κ = 1/2. After this, one enters a region where ω − is imaginary with Im(ω − ) > 0. The system is then unstable under fluctuations in the m = ±1 modes which grow at a rate of Γ = 2 Im(ω − ) [7, 9] . As κ increases regions of stability and instability follow one another. The latter are defined by m 2 /2 < κ < m 2 /2 + ε.
For any given ε the maximum growth rate Γ max = 2ε is a universal quantity for all modes which is independent of m and is established at the coupling strengths κ = The growth of the instable modes eventually leads to a break down of the linearized eqs. (5) due to the interaction between higher lying m-modes. We therefore return to eq. with
An example of the numerical propagation can be seen in fig. 2 . We show the occupation . However, according to eq.(6) the value of ω + is always real, which results in a growth rate of Γ = 0.
In fig. 3 we present the angular momentum per particle and the relative particle number difference between the coupled BECs. The nonlinear energy is again ε = 2.0. The coupling is κ = 2.1, where both the m = ±1 and the m = ±2 are unstable. Until τ = τ osc ≈ 11 we find very small oscillations of the relative particle difference which are of the order of 10 −2 .
The decompositions into m modes shows that this is due to small oscillations taking place between the m = 0 modes of the two rings (see also fig. 2 for τ < 6). These are "ordinary" given by the length of the ring evaluates to E 0 ≈ k B × 2 nK and consequently we find a time scale of τ 0 ≈ 4 ms. For a radial oscillator length of a ρ = 0.3 µm a nonlinear energy of ε = 2.0 is achieved for a particle number N 0 ≈ 50 [16] . The experimental feasibility of building ring-shaped traps has been demonstrated recently [10, 11] . We therefore hope the results presented in this letter might stimulate further experiments.
The required smallness of the ring traps forbids direct in-situ imaging of the BECs.
Therefore one has to employ time-of-flight (TOF) imaging. We consider an experiment where initially two annular BECs are created in two uncoupled ring trap from one single BEC. Subsequently the barrier in z-direction is lowered such that a certain coupling strength κ is established. The system then evolves at constant κ for a certain time τ int after which the trap is switched off. The TOF image is then taken after free expansion of the cloud. Here we assume that only the wave function of one annulus is imaged, i.e. the atoms in the second annulus have to be removed [17] . The TOF method yields an image of the momentum distribution of the BEC [12, 13, 14] . This is equivalent to the squared modulus of the Fourier transform of the wave function Ψ(r). Using the angular momentum mode decomposition α m of the annulus which is to be probed and assuming that a ρ , a z ≪ R we 
